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Hedayat and Hwang (J. Combin. Theory Ser. A 36 (1984), 163-173) studied the 
support sixes for BIB designs with v= 8 and k=4. They established the existence 
or nonexistence for all possible support sizes, with the exceptions of 15, 16, 17, and 
19. We will show that there are no such BIB designs with support sizes 15 and 16, 
while there are designs with support sizes 17 and 19. These latter designs require at 
least 42 blocks. In addition, we will provide an answer to their question on self- 
complementary designs. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
The usefulness of balanced incomplete block (BIB) designs with repeated 
blocks in survey sampling and design of experiments has been discussed by 
various authors, such as Wynn [S] and Foody and Hedayat [l]. A 
method for the construction of BIB designs with various support sizes 
known as the trade-off method, was introduced by Hedayat and Li [3,4]. 
This method has been used in various other papers to determine the 
possible support sizes for BIB designs with specified values for the number 
of points u and block size k. 
One of these papers is that by Hedayat and Hwang [2]. They showed 
that for u = 8 and k = 4 BIB designs with support sizes b* = 14, 18, 20, 
21, . ..) 70 exist. For each of these support sizes they exhibited a design with 
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the smallest number of blocks with such a support size. They also showed 
the nonexistence of such BIB designs for b* < 14. The cases b* = 15, 16, 17, 
and 19 remained unsolved. 
The present paper gives the solution for these four remaining cases. In 
the following sections we will show that 
(i) The designs do not exist for b* = 15, 16, and 
(ii) the designs d o exist for b* = 17, 19, in which case at least 
42 blocks are needed. 
In their Table I, Hedayat and Hwang [2] also indicate for which values 
of b and b* they were able to find a self-complementary design. In the last 
section we will show that they found such designs for all possible values in 
their table, but that there are other values of b*, namely 48, 54, 60, 64, 66, 
and 68, for which a self-complementary design exists if we allow b to 
exceed the minimum value from their table. 
2. PRELIMINARY 
A BIB design with v = 8 and k=4 has 14t blocks, for some positive 
integer t. Each point appears in 7t of them, while each pair of points 
appears in 3t of them. If the support size is b*, we will denote the design 
by BIB (8, 14t, 7t, 4, 3t 1 b*). The set of the b* blocks that form the support 
of the design will be denoted by E. By E, we denote the subset of E consist- 
ing of those blocks that appear i times in the design. The cardinality of Ei 
is denoted by q. We obviously have the relations 
n,fn,++.-+n,,=b*, (2.1) 
and 
n, + 2n, + . *. -t 3tn,, = 14t. (2.2) 
By Ye and &(x, y), where x # y are points in the design, we denote the 
number of blocks in Ei that contain x, and x and y, respectively. Observe 
the equalities 
Yl(X) + 2r*(x) + . . . + 3tr,,(x) = 7t, (2.3 1 
and 
L,(x, y) + 2L,(x, y) + . . . -i- 3&,(x, y) = 3t. (2.4) 
By A*(x, y) we will denote the number of blocks in the support E that 
contain x and y, x # y. Thus 
4(x, Y) f w, Y) + ..* + MX, y) = I*@, y). 
We will use the following two results, which can be found in Hedayat 
and Hwang [Z]. 
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LEMMA 2.1. For any BIB (8, 14t, 7t, 4, 3t 1 b*), ifi>4t/3 then Ei= 4. 
LEMMA 2.2. For a BIB (8, 14t, 7t, 4, 3t 1 b*), if Ui,, E,# 4 then b* > 17. 
3. SUPPORT SrzE 15 
In this section we prove the nonexistence of a BIB (8, 14t, 7t, 4, 3t) 15). 
THEOREM 3.1. A BIB design on 8 points in blocks of size 4 cannot have 
a support size of 15. 
Proof Assume such a design does exist. For any pair of points x and 
y, we must have 1*(x, y) 3 3. The result follows if we show that (i) there 
is no pair with 1*(x, y) 2 5, (ii) there is no pair with I*(x, y) = 4, and (iii) 
J,*(x, y) = 3 cannot hold for all pairs. 
First assume 1*(x, y) > 5 for some x and y. There are at most ten blocks 
in E that do not contain the pair x and y. By Lemma 2.2, these account for 
at most 10t blocks in the design. Since there are exactly 3t blocks in the 
design that contain x and y, we get at most 13t blocks. An obvious 
contradiction. 
Next assume I*(x, y) = 4 for some x and y. Now there are eleven blocks 
in E that do not contain the pair x and y. From Lemma 2.2 and the total 
of 14t blocks in the design, it follows that each of these eleven blocks 
appears t times in the design. If Bi = (x, y, xi, yi), i = 1,2, 3,4, are the four 
blocks in E that contain x and y, it is clear that the four pairs (xi, yi) are 
distinct. Since each appears 3t times in the design, and some multiple of t 
times in the blocks of the design that do not contain the pair x and y, each 
of the B,-‘s appears at least t times. This contradicts that x and y appear in 
only 3t blocks. 
Finally, in a BIB (u, b, r, k, i) b*) we have the relation 
1 A*(x,y)=b* (:>, (3.1) 
where the summation is over all (;) pairs of points. If n*(x, y) = 3 for all 
pairs, this is clearly violated. Hence the result. 1 
4. SUPPORT SIZE 16 
This section provides a proof for the nonexistence of a BIB(8, 14t, 7t, 4, 
3t) 16). For a fixed pair of points x and y, we use Fx, y to denote the collec- 
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tion of all blocks in the design that contain both x and y, with F, and Fey 
we denote those that contain only x and y, respectively, while F& denotes 
those blocks that contain neither x nor y. By H,+ H,, H,, and H, we 
denote the supports of these designs. Observe that F,. y CJ F, u F, w F@ 
is a partition of the blocks in the design, while E = H,, y u H, u H, u H+ 
partitions its support. 
THEOREM 4.1. A BIB design on 8 points in blocks of size 4 cannot have 
a support size 16. 
ProoJ Assume again that such a design does exist. As before 
1*(x, y) >, 3 for all x and y. The cases A*(x, y) 2 6 and A*(x, y) = 5, for 
some x and y, can be eliminated by the same arguments as in the proof of 
Theorem 3.1. We will now show that A*(x, y) = 4, for some x and y, is not 
possible. That would, again, imply that 2*(x, y) = 3, for all x and y, which 
is impossible by (3.1). 
So, for fixed x and y, assume that a*(~, y) = 4. Clearly, (F, I= 1 F”” / = 4t, 
1 F,, y) = j Fd ) = 3t. By Lemma 2.2 this implies that 1 H,) 3 4, 1 H,, ] 2 4 an 
( H, 12 3. Since 
without loss of generality we can assume 1 H, / = 4. All blocks in H, must 
then appear t times in the design. 
We will now consider the eight blocks in H, u Hx,,, which account for 
7t blocks in the design and are exactly those that contain x. Besides x and 
y, there are 20 positions to be filled in these eight blocks by six other 
points, say, x1, . . . . xc. Since n*(x, xi) d 4, as already argued, it follows that 
two of these points, say xi and x2, appear in four of these blocks, while 
others appear in three of them. Since x and xi appear 3t times in the design, 
and each block in H, has a frequency of t in the design, we see that both 
x1 and x2 appear in at least two blocks of Hx,y. At least one of them, say 
x1, must then appear in exactly two blocks of Hx,+, since otherwise 
repeated blocks will occur in H,,,. These two blocks have together a 
frequency of t in the design; but this forces the remaining two blocks in 
Hx,y to have a frequency of t each. But this clearly forces x and x2 to 
a&ear in more than 3t blocks of the design, a contradiction. 1 
5. SUPPORT SIZE 17 
Table I exhibits the support and corresponding frequencies for a 
BIB (8,42,21,4,9) 17). This settles the existence question of a design with 
support size 17. In the remainder of this section we will show that 42 is the 
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TABLE I 
A BIB (8,42,21,4,9) 17) 
Frequency 4 Frequency 3 Frequency 2 
1234 1278 2367 1256 1567 2568 4678 
1368 2457 1357 2358 3478 
1458 3456 1467 2468 3578 
smallest number of blocks for which a design with this support size exists. 
It suffices to show the nonexistence of a BIB (8,28, 14,4,6( 17). 
THEOREM 5.1. A BIB design on 8 points in 28 blocks of size 4 cannot 
have a support of 17. 
ProoJ If the design exists, then Ei = C$ for i 3 3, by Lemma 2.1. From 
(2.1) and (2.2) we obtain n, =6 and n2 = 11. From (2.3) and (2.4) we 
observe that rl(x) and 2,(x, v) must be even. If rl(x) = 2, then 1,(x, v) will 
be odd for some y. If rl(x) = 6, at most four other points can appear in the 
blocks in El. But since (:) < 6, this forces some blocks to be repeated. 
Therefore, there are exactly six points that appear in four blocks in E,. 
Since ($) = 15, 6(i) = 36, and Il,(x, y) is even, there are points x and y with 
1,(x, JJ) = 4. But this forces that the two blocks in E, that do not contain 
x and y must be identical. Hence the result. 1 
6. SUPPORT SIZE 19 
The existence of a design with support size 19 is established by the design 
in Table II. The remainder of the section will establish that this design has 
the smallest number of blocks among those with support size 19. 
We point out that the design in Table II can be obtained from that 
TABLE II 
A BIB (8, 42, 21, 4, 9 ( 19) 
Frequency 4 Frequency 3 Frequency 2 Frequency 1 
1234 1368 1256 2378 1278 
2367 1258 2468 1458 
2457 1357 2568 
3456 1467 3458 
1478 3578 
1567 4678 
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in Table I by the following trade, in which all blocks are used with 
frequency 2: 
1278 
11 
1258 
1458 1478 
2358 -+ 2378 
3478 3458 
To establish the nonexistence of a BIB (8,28, 14,4, 6 I19), we first 
formulate some properties that must hold assuming the existence of such a 
design. We then show that they lead to contradictions. 
LEMMA 6.1. In a BIB (8, 28, 14, 4, 6119), it must be that 2,(x, y)=O, 
2, or 4, for any points x and y. 
Proof. Since /z,(x, y) is even, and each pair of points appears six times 
in the design, it suffices to show that i,(x, y) # 6. So assume L,(l, 2) = 6. 
Since, again, Ej = $ for i > 3, we obtain from (2.1) and (2.2) that n, = 10, 
n2 = 9. Since rl(x) is again even, we have, up to permutations, four 
possibilities: 
(i) v1(l)=8,r,(2)=6, 
(ii) ~r( 1) = 10, r,(2) = 6, 
(iii) yi( 1) = r,(2) = 6, 
(iv) r1(l)=r1(2)=8. 
Denote by B, = { 1, 2, xi, yi}, i = 1, . . . . 6, the six blocks in El that contain 
1 and 2. Each point appears an even number of times in B,, . . . . B, if (i) 
holds, since A,(2, x) is even. Since there are only two other blocks in E, 
that contain 1, for some x we will have that 1,(1, x) is odd. 
If (ii) holds, we have again that each point appears an even number of 
times in B,, . . . . B,. If some point, say 3, appears in all four of the remaining 
blocks in El, then there are four pairs from 4, . . . . 8 in these blocks. These 
must appear a second time among the pairs (xi, y,). Since the remaining 
two pairs among (xi, yi) cannot be identical, F~(x) will be odd for some X. 
Thus each of 3, . . . . 8 must appear twice in the four blocks in El that do not 
contain 2. For each XE (3, . . . . S}, there will be some point with which it 
appears an odd number of times in these four blocks. Hence, each of 3, -..l 8 
must also appear twice in B1, . . . . B,. Considering 1,(3, x), we must, up to 
a permutation, have the following structure in the blocks in E,: 
1111111111 
22222233 
3 3 4 5 
4 5 6 6 
582a/51/2-8 
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This forces the last two blocks to be 1478 and 1578. The pairs (4,6), (4,7), 
(4, 8), (5, 6), (5, 7), and (5, 8), all appear once thus far. Hence, 2,(x, y) will 
be odd for some x and y. 
If (iii) holds, each point appears an even number of times in B,, . . . . Bg. 
The same must now hold for the four remaining blocks in E,. Since there 
are six points to fill 16 positions in these blocks, two of them, say 3 and 
4, must appear in all four of the blocks. Up to a permutation, these blocks 
are 
3 3 3 3 
4 4 4 4 
5 5 6 7 
6 7 8 8 
This also determines four of the pairs (xi, yJ. Any choice of the other two 
will violate that Ye is even for all x. 
Finally, if (iv) holds, and all points appear an even number of times in 
B ,, . . . . B6 a contradiction follows as for (i). If x is a point that appears an 
odd number of times in B,, . . . . B,, then it must appear twice in the other 
four blocks in E,: once with 1, once with 2. But then or is odd. Hence 
the result. B 
Lemma 6.1 implies, using (2.4) and Lemma 2.1, that 1,(x, y) > 3, and 
hence r2(x) 3 3. If r2(x) = 3, then rl(x) = 8. For y #x, ri( y) and 2,(x, y) 
must be even. This implies that the two blocks in E, that do not contain 
x must be identical. Hence, r?(x) = 3 is not possible. If r*(x) = r2(y) = 7, 
then 2,(x, y) 3 5 since n2 = 9. This violates (2.4). Thus there is at most one 
point with Ye = 7. If Y?(X) = 6, then rl(x) = 2. But then there will be a y 
such that Iz,(x, y) is odd. Combining these observations we obtain the 
following result. 
LEMMA 6.2. If a BIB (8,28,14,4,6 119) exists, one of the following two 
situations must prevail, up to permutations: 
1. r2(1)=r2(2)=r2(3)=r2(4)=4, r2(5)=r2(6)=r2(7)=r2(8)=5 
2. r,(l)=r,(2)=r,(3)=r,(4)=r,(5)=rz(6)=4, r2(7)=5, r,(8)=7. 
THEOREM 6.1. A BIB design based on 8 points in 28 blocks of size 4 
cannot have a support size of 19. 
ProoJ It suffices to show that both 1 and 2 in Lemma 6.2 lead to a con- 
tradiction. We will show this by studying the structure of the blocks in E,. 
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Assume that the first situation in Lemma 6.2 hoIds. The first claim is that 
A,(x, y) = 4 for x, y E { 1,2, 3,4 >. Since 0 and 6 are clearly not possible, it 
suffices to show that A,(x, y) # 2. Assume L,(l, 2) = 2. If x appears an odd 
number of times in the two blocks in E, that contain 1 and 2, it will appear 
an odd number of times in the other four blocks of E, that contain 1, as 
well as in those that contain 2. But then Ye would be odd. On the other 
hand, not every point can appear an even number of times in the two 
blocks in E, that contain 1 and 2. Hence, 1,(x, y) = 4 if x, y E (1,2, 3,4). 
The next claim is that &(x, y) = 0 or 2 if XE (1,2,3,4} and 
y E ($6, 7, 8 >. It suffices to show that A,( 1, 5) # 4. If it is, then each point 
appears an even number of times in the four blocks in E, containing 1 and 
5, since 11,(5, x) is even. But the two other blocks in E, must now also 
contain each point an even number of times, a contradiction. That also 
establishes this claim. 
Since each x E { 1,2,3,4) is part of 18 pairs in the blocks of E,, it 
follows now that for each such x there is a unique y E (5,6,7,8 > such that 
a,(~, v) =O. Moreover, this establishes a one-to-one correspondence 
between { 1,2, 3,4) and {5, 6, 7, 8). If not, there would be x1, x2 E 
(1, 2, 3,4}, Y E (596, 7, 8) with A1(x,, v) = 1,(x,, v) = 0. But this forces 
2,(x,, XJ = 6, which is not possible. 
Thus without loss of generality we can assume that A,( 1, 5) = /2r(2, 6) = 
,&(3,7) = &(4, 8) = 0. The structure of the blocks in El with respect to the 
points 1, 2, 5, and 6 must be 
1111115555 
2222662266 
Exactly two of the first four blocks contain 3. If there were less, 1,(1,7) 
would exceed two; if there were more, repeated blocks could not be 
avoided. From J,,(l, 3) =1,(2,3) =4 and /2r(3,7) = 0 we obtain the 
following structure for the blocks in E,: 
1111115555 
2222662266 
3377333377 
Since there are only live distinct blocks thus far, and r,(4) = 6, repetition 
of blocks cannot be avoided. This proves that the first situation in 
Lemma 6.2 is not possible. 
Finally, assume that the second situation holds. Then I,(x, v) =4 if 
x, y cz { 1,2,3,4, 5,6}. The arguments for this are the same as in the first 
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part of our proof. But this contradicts rl(x) =CYzX 2,(x, y)/3 if we take 
x=1. 1 
7. SELF-COMPLEMENTARY DESIGNS 
In this section we determine all values of b* for which a self-complementary 
BIB (8, 14 t, 7 t, 4, 3 t 1 b*) exists for some t, as well as the smallest value 
of t for which it exists. For the sake of completeness, it should be noted 
that, as in Hedayat and Hwang [2], we say that a BIB design is self- 
complementary if it has the same blocks as its complement. 
Obviously, the support size of a self-complementary design must be even. 
The result is now a consequence of Table 1 in Hedayat and Li [S] and the 
following theorem. 
THEOREM 7.1. A self-complementary BIB(2k, 2t(2k- l), t(2k- l), k, 
t(k- 1)l b*) exists if and only if a BIB(2k- 1, t(2k- l), t(k- i), k- 1, 
t(k - 2)/2 1 b*/2) exists. 
ProoJ: Start with a BIB(2k- 1, t(2k- l), t(k- l), k- 1, t(k-2)/2 1 b*/2) 
and add a new point to each block. These blocks with their complements 
form the desired BIB(2k, 2t(2k - l), t(2k- l), k, t(k- 1) 1 b*). Conversely, 
given such a self-complementary design it is easily seen to be a 3-design. 
Consequently, the t(2k - 1) blocks in the design that contain a selected 
point form, after deleting this common point, a BIB design with the desired 
values of v, b, r, k, and 1. Since none of these t(2k - 1) blocks are 
complementary in the original design, it is also clear that the support size 
of the new BIB is b*/2. 1 
As a consequence we obtain that the values of b* for which a self-com- 
plementary BIB(8, 14t, 7t, 4, 3t 1 b*) exists for some t are, in addition to 
those given in Hedayat and Hwang [Z], b* = 48, 54, 60, 64, 66, and 68. 
The smallest corresponding values for b are 70, 70, 84, 84, 84, and 98, 
respectively. Note that although the design with b = b* = 42 in Table I of 
Hedayat and Hwang [2] is not self-complementary, they do point out that 
a self-complementary design with these values exists. 
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